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We investigate the existence of unbounded solutions and the period-two convergence of solutions of the
equation in the title with the parameter vy positive, the remaining parameters nonnegative, and with nonnegative
initial conditions.
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INTRODUCTION

We investigate the existence of unbounded solutions and the period-two convergence of
solutions of the third order rational difference equation

a+ an + YXue) + Sxn-2
A+ x, ’

Xpgp) = n=20,1,... (1.1
with the parameter ‘y positive, the remaining parameters «, 3, 6 and A nonnegative, and with
nonnegative initial conditions such that the denominator is always positive.
The case § = 0, that is the second order rational difference equation
o+ Bxp + YXn-i

= =0,1,... 1.2
Xn+-1 A+x" s n s 4y ( )

was investigated in Refs. [8,9], where the following period-two trichotomy result was
established for the solutions of Eq. (1.2). See also Ref. [11].

THEOREM A [SEE REFS. [8,9,11]). The following period-two trichotomy result holds for
Eq. (1.2):

(a) Equation (1.2) has unbounded solutions if and only if

v > B+ A.
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(b) FEwvery solution of Eq. (1.2) converges to a (not necessarily prime) period-two solution of
Eq. (1.2) if and only if
vy=B+A.

(c) Ewvery solution of Eq. (1.2) has a finite limit if and only if
y<B+A.

For Eq. (1.1) we were able to extend statements (a) and (b) of Theorem A as described by
the following theorem which is the main result in the paper.

THEOREM 1

(a) Assume that
v> B+ A. (1.3)

Then Eq. (1.1) has unbounded solutions.

(b) Assume that
y=B+86+A and B+A > 0. (1.4

Then every solution of Eq. (1.1) converges to a (not necessarily prime) period-two
solution. :
Equation (1.1) does not have a trichotomy character in the spirit of Theorem A for
Eq. (1.2). Actually it is not true that when

y<B+6+A (1.5)

every solution of Eq. (1.1) has a finite limit. This is true when 6 =0, but when 6 > 0,
Eq. (1.5) is not sufficient (even) for the local asymptotic stability of the equilibrium point of
Eq. (1.1).

Some third order rational difference equations were investigated in Refs. [1-7,10].
The study of rational difference equations is quite challenging and rewarding. Third order
rational equations with all of the variables x,, x,-; and x,_, present in the equation are
extremely difficult to handle and very little is known about them.

We believe that the methods and techniques which we develop to understand the dynamics
of rational equations will also be useful in analyzing the equations in the mathematical
models of various biological systems and other applications.

In the second section, we present the proof of statement (a) of Theorem 1, and in the third
section we establish statement (b).

EXISTENCE OF UNBOUNDED SOLUTIONS

In this section we assume that
vy>B+6+A 2.1

and show that there exist solutions of Eq. (1.1) which are unbounded. Actually we exhibit a
huge set of initial conditions through which the subsequences of even and odd terms of the
solutions converge, one of them to oo and the other to

By + 6A
y— 8
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for all nonnegative values of the parameters «, 8, v, § and A in the equation. Furthermore, our
proof here extends and unifies all previously known results on the existence of unbounded
solutions for all special cases of Eq. (1.1).

More precisely we establish the following result.

THEOREM 2 Assume that Eq. (2.1) holds and let k be any number such that
O<k<y—-B-6—-A.

Then every solution of Eq. (1.1) with initial conditions x_,, x_\, xy such that

—A
Xx-2,x0 € (0,y—A) and x_, > ﬁiﬁ:’——)
is unbounded and more precisely
OA

Proof Observe that

_a+on+yx_1+8x_2_ _a+Bxo+(y—A—xp)x—+8x_

S A+)C0 o A +X()
and so
X1 > X-jy.
Also,
a+ Bx;i+ yxg+ 6x-
w = (B o= CTPRIYREON gy 5
1
<ot yxo+ 8-y —x1) — kxy
= o
catyly=A-a—yly=4_,
X1
Therefore,

R<B+o+k<y—A
and furthermore

a+Bm+yn+8m> Yy

X3 = X1
3 A+x; B+o+A+k

It follows by induction that for n = 0,
X2on < B + é + k

and

X2n—1

Xont1 > S A—
B+o+A+k
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and so, in particular,

lim o1 = co. @2)

Let S and I denote the following limits:

S = limsupx,, and /= lime X2n.

n—o0

Note that from Eq. (1.1),

@+ Bxoy + YXpu—1 + Sx2p—2 o o N2t

Yontl = AT 5o YA+

and so for n = 0,

X1 A+ x9,

Xon+1 Y
Let € > 0 be given. Then clearly, in view of Eq. (2.2), there exists N = 0 such that

@+ Bxonsr + Y20
A+ X2n+41

<B+e forn=N.
By using the above two inequalities, it follows from Eq. (1.1) that for n = N,

a+ BXong1 + YXx2n + 6x25—
A +x2n+l

oA )
= B+_+€ + —x2,.
Y Y

By using the comparison principle and by taking limit superiors we find

)
Xonta = < (3+6)+;’(A + X2n)

g< By+ 6A + ve
y— 06
and so clearly,
st_
v—38
When
B=A=0,

we see that § = 0, that is lim,— x2, = 0 and the proof is complete.
Next assume that

B+A>0.

Clearly there exist subsequences {xz, + 2} and {xy,,} of {x2,} and a number Ly € [/, 5]
such that

]im Xop4+2 = I and 11m Xon; = L()
=00 —0
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Note that when A = 0, then 8 > 0 and so x,4; > B > 0 for n = 0. Therefore in all cases,
A+ Ly > 0. From Egq. (1.1) we have

Xontl _ @ 1 Bxam 1 Y Sxpm—2 1
Xon-1 A+X Xop—1 A+ X2 Xap-1 A+ X At X Xoa-g
and
o Bxan+1 Y X2n OXop—1
Xon2 =

A+xup Atxpyr A+ X A4 X

By replacing n by n; in the above two identities and then by taking limits, as { — oo, we find

llm x2ni+1 — Y
0\ Xom—1 A+ Ly

and
é
I'=B+—-(A+Ly).
Y
Therefore,
é
1=B+;’(A+lo)SLo (2.3)
and so
LO = M > 9.
vy—38
Hence
6A
Ly= By+oA _ s Q.4)
vy—48

and so from Eqs. (2.3) and (2.4),

)
I1=p+° (A-l-lo) Bw;
The proof is complete. O
PERIOD-TWO CONVERGENCE
Our aim in this section is to show that when
vy=B+6+A

and

B+A>0 3.1

then every solution of Eq. (1.1), that is every solution of the equation

. 8+ A)xn1 + S X
tpyy = S B HB::; L S (3.2)
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converges to a (not necessarily prime) period-two solution of Eq. (3.2). The restriction (3.1)
cannot be relaxed in this period-two convergence result. In fact, when B =A =0 the
resulting equation

a+ Y Xn—1 + 8xn—2
Xn ’

Xnpl = n=01,... (3.3)

with
a=0 and 6>0

has unbounded solutions. See Refs. [2,7]. In particular, every solution of Eq. (3.3) with
X 2=x0=2§6

is such that
X3, =xg, forn=0

and

é a
Xoppl = —Xp-1+ |8+ —) — 00, as n— .
X0 X0

The proof of statement (b) of Theorem 1 is long and tedious and in order to simplify it,
we first establish several lemmas describing the character of solutions of Eq. (3.2). We begin
by stating several identities which follow from Eq. (3.2) and which will be used throughout
this section. They are all valid for n = 0.

_a+Bxat+ (Bt 84+ Ay + 8x25-2

X2n+1 = Atx (3.4a)
n
o X2n X2n—1 Xon—-2
= + +(B+8+A +8 3.4b
A+ xy, BA+JC2,, B )A + x2, A+ x, ( )
8+ Ay, + Oxpp,—
omss = a+ Bxyp +{(B+ 0+ Aon + 6x20-1 (3.52)
A +x2n+1
[ X2n+1 X2n X2n—1
= + +(B+6+A + (3.5b)
A+ X541 A + X341 B )A + X241 A + Xn41
+A o
Xpt2 — Xp = AB—i-—xl(x"H = Xp—1) + m(xn — Xp-2) (3.6)
n+ n+
B+A 5
g = S I A S 37
Xonty = Xan = 4 e (*X2n+1 — X2n-1) +A o (x2n — X2n-2) 3.7
+A é
Xont3 = Xontl = A”g_x—z‘;(x2n+2 — Xop) + m(x2n+l — X2n-1) (3.8
n+ n-+
_a+ Bxop(B+ 8 — xam)x2n—1 + 8x24-2
Xon4l — Xon—-1 = A 3.9
+-x2n
n o— n n ) -
Xomsy — Xpn = o+ Bt 1(B+ 8 = xp041)%20 + O X201 (3.10)
A+ Xn41
X2n+1 — [44 . 1 -’rﬁ X2n ) 1 B+ 5+A X2n-2 . 1 (311)
Xim-1 A+ X Xon-y A+x xom—1 A+x, A+ xan Xop—1
Xmy2 | 1 Xonpp 1 B+SE+A X2n-1 1 (3.12)

X2n A+ Xont1 Xon A+ X1 X A+ Xon4 A+ Xon1 Xon
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Among the above equations, the identity described by Eq. (3.6) is at the heart of the
period-two convergence of solutions of Eq. (3.2). Its proof is a consequence of Eq. (3.2) as
follows. Note that

Xp1Xn = @+ Bxy + (B + 6+ A)xy—1 + Sxp-2 — Axy—1

and so,
o — = a+ Bxnp1+(B+0+A)xy +0xp-1
n+2 n A +x”+l n
_a+ Bxpi1+ B+ 8xy+ 8xp—1 —a— Bxy — (B+8+A)xy—) — 8xp—2 +Axpt
A +Xn41
— (B +A)xn+1 - (B +A)xn—1 + a(xn - xn—2)
A+ xp4
_ Bt+A _ o _
_A+xn+l(xn+1 xn—1)+A+Xn+l(xn Xn—2).

From Eq. (3.6), and more precisely from its equivalent versions (3.7) and (3.8), it is now
clear that the following result is true about the subsequences of the even terms {xz,},_, and
the odd terms {x3,+1},-_, of every solution {x,},—_, of Eq. (3.2).

Lemma (3.1) The two subsequences {x,,} and {x2,..1} of every solution of Eq. (3.2) are either
both eventually monotonically increasing, or they are both eventually monotonically decreasing,
or one of them is monotonically increasing and the other is monotonically decreasing.

In the sequel we will denote the limits of the subsequences of the even and odd terms of
a solution of Eq. (3.2) by Ly and L, respectively. That is,

Ly = limx;, and Ly = limxpnys.

Each of these limits may have only one of the following three values:
0, oo, or a positive real number.

Now let us look for all period-two solutions

U T
of Eq. (3.2). From Eq. (3.2) we have
b= a+ B+ (B+6+A)d+ ¢
A+

and so

Y= a+(B+ )b+ )

which implies that

Py —(B+ ]l =a+(B+ Oy

and

Yld—(B+ O] =a+(B+ 5.
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When ¢ # 1 we have a prime period-two solution, while when ¢ = ¢ we see that ¢ is the
equilibrium X of Eq. (3.2). Note also that in all cases
x’ ¢’ l)[l7 E (ﬁ + 67 c”)

provided that & + 84 6 > 0.
For the sake of completeness and unification, our proof here of the period-two convergence
of Eq. (3.2) includes all previous special cases of Eq. (3.2). When

a=B=856=0 (3.13)
Eq. (3.2) reduces to
Axn—l
k] = , fi =0,1,... .14
Xnt1 Atx or n 3.19)

with A > 0, from which it is clear that
Xn4l = Xp—1.
Therefore in this case, every solution of Eq. (3.14) converges to a (not necessarily prime)
period-two solution of the form
e, 0, ... (3.15)

with ¢ = 0. This completes the proof of Theorem 1(b) when (3.13) holds.
When 6 = 0, that is for the equation

(24 + an + (B +A)xn—1
bl = , =0,1,... 3.16
Xnt1 Atx, n (3.16)
it follows from Eq. (3.6) that
A
Xnt2 — Xp = ﬁ—(xm = Xp-1), for n=0. (3.17)
A+ Xy

From Eq. (3.17) we see that for every solution of Eq. (3.16) exactly one of the following
statements is true for alln = 0 :
Xn41 < Xp-1
Xntl = Xp—1
Xn+1 > Xp—1-

Clearly all bounded solutions of Eq. (3.16) converge to a period-two solution. As in
Ref. [11, p. 40], assume for the sake of contradiction that there is an unbounded solution, that
is a solution such that:

I Xon = 00
while {x;,:1} is increasing. The case where
"lig)]oXZn-f-l =
and {x,,} is increasing is similar and will be omitted. Choose N = 0 such that

B+A PB+A

. <1
A +x2N+l A +)C2N
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Define

_ B+A B+A
A+x2N+1 A+X2N

and o= (xoy — x2nv-2).
Then

BYA B+A
A+ Xonp1 A+ Xong

Hence from Eq. (3.17) we find

<p, fornz=N.

B+A
XoN42 — XN = m(xzzvﬂ ~ XaN-1)
B+A B+A

= . XoN — Xon—2) < Op.
A+ v A+x2N(2N IN-2) P

It follows by induction that for u = 1,2,...
Xon42u — XoNaau-1) < op¥

and so by summing up

T,
X2N+2“<XZN+%, for p=1,2,....

This contradicts the assumption that the subsequence of the even terms converges to oo,
and completes the proof of Theorem 1(b) when & = 0. Therefore in the sequel we will
assume that

6> 0.

Returning to the period-two solutions of Eq. (3.2) the following result is now clear.

LemmMa (3.2) All prime period-two solutions
M) (b’ (/I’
of Eq. (3.2) are given by

_ B+OY+a

¢ y—(B+9d)

with
d# ¢ and ¢, E (B+ 5, ).

Clearly, when both Ly and L, are positive numbers, the sequence
—ooLo, L1, ...
is a period-two solution of Eq. (3.2) and as we showed before
LoLy = a+ (B + 6)(L + Ly).
In particular,

Lo, Ly € (B+ 6, ).
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When Ly = L, then the solution converges to the equilibrium % of Eq. (3.2) and when
Ly # L, the solution converges to a prime period-two solution of Eq. (3.2). Note that Eq. (3.2)
has a huge set of prime period-two solutions, as described by Lemma 3.2.

The following Lemma shows that neither Ly nor L; can be zero.

LEMMA (3.3) Neither of the subsequences {xa,} and {x,11} may converge to zero.

Proof Assume for the sake of contradiction that
Ly=0.

The case where L; = 0 is similar and will be omitted. Now note that when Ly = 0, A must be
positive. Otherwise A = 0, 8 > 0, and Eq. (3.4b) implies that x,., = 8 > 0.

There are three possibilities for L;: 0, oo, or a positive number. We will show that each of
them leads to a contradiction.

If L; = 0, then both subsequences are eventually decreasing to zero and Eq. (3.9), with n
sufficiently large, implies that

o o+ Bxom+ (B+ 8 — xon)xon-1 + x2—2

0
A+ Xonp1

>0

which is impossible.
If L; € (0, o), by taking limits in Eq. (3.4a) we see that

_at@B+a+AL

L 1

L,

which is also impossible.
Finally if L, = oo, by taking limits in Eq. (3.11) we find

(x2n+1) _B+d4+A

lim
Xon—1 A

n—oo

and from Eq. (3.12) we obtain

1= (22} = 5 ! A
X2n A 4 <"‘2"_+|) A2n

X2n-1 X2n-1

which leads to a contradiction, as n — oo, The proof is complete. O
It follows from Lemma 3.3 that Ly and L, are positive numbers or 0. The next results
establish that neither Ly nor L; may be below

B+8.

LemMA (3.4)
Lo, Ly € [B+ §,00].

Proof Assume for the sake of contradiction that
Ly < B+ 6.

The proof when L; = B+ &is similar and will be omitted. There are two possibilities for Ly:
it may be positive or co. We will show that each of them leads to a contradiction.
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If L € (0, 00) then

.wLo, Ly, ...

is a period-two solution of Eq. (3.2) and so, by Lemma 4.2, Ly > 8+ 8, which is a
contradiction. On the other hand, if L, = oo, then from Eq. (3.11)

. (x2n+1> B+8+A
lim =
Xon—1 A+ Ly

n—oo
and so from Eq. (3.12),

Xon42 B 1 1
1= Jim (22) = P4 b
"_‘w( X2n ) LO O+ :_EZ)A LO

that is

which is also a contradiction. O

LemMma (3.5)

() If Ly € (0,00) and L, = o0, then Ly = 8+ 8.
(i) If Lo = o and L; € (0,0), then Ly = B+ &.

Proof We will prove (1). The proof of (ii) is similar and will be omitted. From Eq. (3.11)
we obtain

lim X2n+1 :B+5+A
A0\ X1 A+ Ly

and so from Eq. (3.12),

=B o AtL
Ly Ly p+6+A
Hence
Lo=B+3
and the proof is complete. a

LEMMA (3.6) It is not possible that both Ly and Ly are equal to o,

Proof Otherwise from Eq. (3.11)

. X2n+1
1= lim (= ) =0
n Xon—1

which is impossible. 0O
LemMma (3.7) Every solution of Eq. (3.2) is eventually bounded from below by (B + 6).

Proof Assume for the sake of contradiction that there exists a solution of Eq. (3.2) which is
not bounded from below by (8 + 8). Then in view of the previous lemmas the only thing that
the solution can do is that one of the subsequences {x,,} and {x3,+} eventually increases to
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(B + &) while the other eventually increases to 0. We will assume
limxy, = B+8, limxzy = o0
with both subsequences being eventually increasing. The case where the even and odd

subsequences are interchanged is similar and will be omitted.
Let € € (0, B+ 0) be given and sufficiently small, and let N = 0 be such that

B+6—€<x <B+86 for n=N.
Then for any Ny = N and sufficiently large we have
XoNg+2 < B+ 8
which implies that

a-+ Bx2N0+1 +(B+ 8 +A)x21v0 -+ 6x2N0_1
A+ Xong+1

XoNpg4+2 = < B+ 6. (3.18)

Define

_(B+8+ANB+S—+a—(B+)A

R
0 5

Then Eq. (3.18) implies that

a+ Bxon41 + (B + 8+ Ao, + 0xon,-1 < (B4 8)A + (B + S)xony+1

and so
+6+A a—(B+ A
X2Ng+1 = XoNg-1 T A 5 Xan, + (36 )
+86+A — A
> Xony-1 +u(3+5_ E)+a_([~3_-l_—_)_.
) 8
Hence

XaNg+1 = X2N,-1 + Ro
and by using Eq. (3.2),

o+ Bxon, + (B + 8+ Adxong—1 + 8xon,-
A + Xon,

2
> Xany,-1 + Rp.

Therefore,
a+ B, + (B+ 8+ Adxaw,—1 + Sxong—2 > Axany—1 + XanyXan,—1 + Ro(A + xaw,)
and so
(B+ 8 — xan,)xan,—1 > Ro(A + xow,) — @ — Bxan, — Sxawn,-2
that is,

Ro(A + xon,) — @ — Bxan, — Oxany-2
B + 5 - X2N0

XINo—1
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Hence

(B + ®xong—1 — XanXang—1 = Ro(A + xan,) — @ — Bxan, — Sxap,
or equivalently,

(B + O)xany—1 — o — Bxong—1 — (B+ 8+ Axan,—2 — Sxany-3 + Axan,
> Ro(A + xon,) — o — Bxon, — Sxon,-2.

Thus,
Ro 1
Xong—1 > Xony-3 + —g(A + Xon,) + S(B + A)(xony-2 — Xan,)

> s + LA+ B+ 5= ) — S(B+ANB+

and so from Eq. (3.2) we see that
a+ Bxony-2 + (B+ 6+ Aoy, —3 + Oxony—4

A+ xon,-2
> XaNy-3 +R—60(A+[3+5_ €) _%_8_).
Therefore,
X2Ny-3 Ri(A + xow,-2) — @ — Bxan,—2 — 8xony-4
B+ 86— xon,—2
where
g —BFrotA—e. (BHAB+d

5 0 5
It follows by induction that for k = 0,

Ri(A + xon,—21) — @ — BXang—2k — SXon,—2¢c+1)

XoNg—(2k+1) =

B+ 8 — xany-2
with
B+6+A—€ B+AB+ )
Ry = Ry — .
0 0
Clearly for Ny and k sufficiently large, this leads to a contradiction and the proof of the
lemma is complete. ad

We are now ready to present the proof of Theorem 1(b).

Proof (of Theorem 1(b)) Clearly every bounded solution of Eq. (3.2) converges to a
(not necessarily prime) period-two solution. So assume for the sake of contradiction that
Eq. (3.2) has an unbounded solution. We will assume that

limxonr =00 and limx;, = B+ 6,
with the subsequence of even terms of the solution being eventually decreasing and the

subsequence of odd terms being eventually increasing. The case where the behavior of
the even and odd subsequences is reversed is similar and will be omitted.
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Then from Eq. (3.6) we obtain

X —x < X —x
2'l+3 2n+1 1 2 ( 2n+l le—l)
Xon+1 — Xon— n=0.
B 6 ! 2n+1 2n—1 k)
Therefore,
+ < Brot+AY (1 — )
Xon Xop— —(x X
2n+1 2n—1 B+ ) 1 1

and by summing up we find

- <L —.
Xon+1 — X1 B+A

This contradicts the hypothesis that

Jim xn 41 = 00

and completes the proof of the theorem. a
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