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In this section, we present some open problems and conjectures about some interesting types
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information to G. Ladas. Email: gladas@math.uri.edu

Keywords: Boundedness; Convergence; Stability; Periodicity

On second-order rational difference equations,
Part 2

A. M. AMLEHY, E. CAMOUZIS and G. LADASY*

tDepartment of Mathematics and Computing Science, Saint Mary’s University, 923 Robie Street,
Halifax, Nova Scotia, Canada B3H 3C3
+Department of Mathematics and Natural Sciences, American College of Greece, 6 Gravias Street,
Aghia Paraskevi, 15342 Athens, Greece
Y Department of Mathematics, University of Rhode Island, Kingston, RT 02881-0816, USA

(Received 1 August 2007; revised 1 October 2007; in final form 18 October 2007)

1. Introduction

This is Part 2 of our paper [3] which deals with the second-order rational difference equation

xn+lz%, n=0,1,... (1.1
with nonnegative parameters «, 3, y, A, B, C and with arbitrary nonnegative initial conditions
X_1, Xo such that the denominator is always positive. Some extensions and generalizations of
equation (1.1) are also considered here. For some related results see [1-52].

As we mentioned in Part 1 of Ref. [3], equation (1.1) contains 28 nontrivial special cases
whose character is summarized in the following table. Please see the Appendix A for the
meaning of the abbreviations: ESCx, ESC, ESP,, ESCP,, etc.

Summary of the behaviour of the 28 nontrivial second-order rational difference equations.

Confirm or refute each one of the eight conjectures on the previous table.
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Summary of the behaviour of the 28 nontrivial second-order rational difference equations.
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2. For Equation (#86), ESCP,

This equation was investigated in Refs. [36,37,39] and [48]. Equation (#86) can be written in
the normalized form,

an + Xn—1

=0,1,... 2.1
Bx,,—i—xn_l’ n ) Ly ( )

Xn+1 =
with positive parameters 8, B and with arbitrary positive initial conditions x_, x.
The only equilibrium of equation (2.1) is

B+1

X = .
B+1

The characteristic equation of the linearized equation of equation (2.1) about the equilibrum
is
2 B—B B—B

A _(/3+1)(B+1))‘+(/3+1)(B+1):

From this it follows that the positive equilibrium X of equation (2.1) is locally asymptotically
stable when

B=B (2.2)
or
B<B and B<3B+pBB+1 (2.3)
and unstable (saddle point) when
B>3B8+ BB+ 1. (2.4)

When (2.4) holds, and only then, equation (2.1) possesses the unique prime period-two
solution

=B VA -P - @RI -BY/B-1 1-B+ /(U1 -B —@EB1-B)/B—1
) 2 ) 2 )
(2.5)

which is locally asymptotically stable. For the proof of this, see Ref. [36].
In the next theorem we present the global character of solutions of Equation (2.1).

THEOREM 2.1. The following statements are true:

(a) The equilibrium X of equation (2.1) is globally asymptotically stable when (2.2) or (2.3)
holds.
(b) Ewery solution of equation (2.1) converges to the equilibrium X of equation (2.1) when

B=3B+BB+1. (2.6)

(c) Every solution of equation (2.1) converges to a (not necessarily prime) period-two
solution when (2.4) holds.
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Proof. Let {x,} be a solution of equation (2.1) and assume that (2.2) holds. For all n = 0,

1= %0 :an + Xn—1 _,[_3 BBx, + Bx,— <B

an + Xn—1 - B Ban + anfl N B

which implies that the interval [1, (3/B)] is invariant for the solution {x,}. Furthermore, the
solution {x,} satisfies the following equation:

X — ,B(anfl + xn*Z)/(anfl + xn*Z) + Xn—1
e B(anfl + xn*Z)/(anfl + xn*2) + Xn—1

= F(xn—hxn—Z)

_ B2xn71 + Bxi—] + an72 + Xp—1Xn—2

- . . @.7)
.Banfl + an,l + an*Z + Xp—1Xn—2
Clearly
2
recl|i.B [1.B]).
B B
and
_B- B)BBx,_, +2BBB — Bx,—1x.—2 + (B — B)x,_, <0
! (Ban—l + Bxﬁfl + an—Z + Xn— l-xn—Z)2 '
and

_ —G_1(B— B <0,

(BBx,—1 + Bx%,l + Bx,—» +xn_1xn_2)2 o

Xn—2

and for each m,M € [1, (8/B)], the system

B>M + BM?* + BM + M*

_,Bzm—i—Bmz—i-Bm—i—m2 _
"~ BBM + BM? + BM + M?

= d
BBm + Bm? + Bm + m? andm

has the unique solution (m, M) = (X, X). By employing Theorem 2.4 from Part 1 the result
follows.
On the other hand assume that

B < B.
Clearly the function

an + X1
Bx, + x,-1

is strictly decreasing in x,, and strictly increasing in x,,— . By employing Theorem 2.5 in Part
1, we find that the solution {x,} converges to a (not necessarily prime) period-two solution.
Due to the fact that equation (2.1) possesses a prime period-two solution only when (2.4)
holds, (a), (b) and (c) follow. The proof is complete. O

OPEN PROBLEM 2.1. Assume that (2.4) holds.

(i) Determine the set of initial conditions x_1, xo for which every solution of equation (2.1)
converges to the equilibrium X.
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(ii) Determine the set of initial conditions x_1, xo for which every solution of equation (2.1)
converges to (2.5).

3. An important identity for Equation (#141)

Equation (#141) can be written in the normalized form,

o+ x,
Xpp) =——,n=0,1, ... 3.1
n+1 A+an +Xn717 s Ly ( )
with positive parameters «, A, B and with arbitrary nonnegative initial conditions x_, X.
Here we present an important identity for equation (3.1). Let {x,},._, be a solution of
equation (3.1). Then the following identity is true:

_ (@A = APx, 5 — Axp 3) + (A +x,-3)(1 — Bx,-3)

Xpn+1 = Xn—3
(A + an)(A + an—Z + xn—3) +a+ Xn—2
-xn—Z(aB - (AB + ])xn—3) + xnxn—ZB(l - an—3) (3 2)
(A + an)(A + an—2 + xn—S) +a+ Xn—2 '
Note that
o — Axy_3 — x12V_3 <0
Domd eyt 1 — Bxy_3 =0
W3 = o and « T N—
aB — (AB+ l)xy—3 <0
and
a—Axy_3 —xy_3>0
)cN_3Sl and a>é+i—> 1 = Bxy—3=0
B B B?

aB — (AB + l)fog, > 0.

THEOREM 3.1. Let {x,} be any solution of equation (3.1). Then the following statements are
true:

(i) When

_ AN
WBU—A_ A1y

0<A<]1 and 182 3T 532

then the solution {x,} eventually enters the interval [aB — A, (1/B)] and the function

o+ x,

f &, x0—1) = m

is eventually strictly increasing in x, and strictly decreasing in x,,—. Furthermore, the
solution converges to the equilibrium.
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(i1) When

A 1
0<A<1 and a>E+ﬁ 3.4

the solution {x,} eventually enters the interval [1/B, aB — A] and the function
fxX,—1) is eventually strictly decreasing in x,, and x,,—. Furthermore, the solution
converges to the equilibrium.

(ii1) When

A 1
0<A<1l and a=3+45 (3.5)

then the solution {x,} converges to the equilibrium.

Proof. Let {x,} be a solution of equation (3.1) with nonnegative initial conditions. We claim

that
i (o0 = a.5).mas (055
min ( @B —A,— |, max ( aB — A, —
B B

is an attracting interval for the solution {x,} of equation (3.1).
We will prove that when (3.3) or (3.4) holds all four subsequences of the solution {x,}, of
the form {x4,; }]3:0, lie eventually within the interval

{min (aB - A,l>, max (aB - A,l>}
B B

We will give the proof when (3.3) holds. The proof when (3.4) is similar and will be omitted.
Furthermore, we will give the proof for the subsequence {x,,.}. The proof for all the other
subsequences is similar and will be omitted.

Suppose for the sake of contradiction that there exists N sufficiently large such that

X4N+1 <aB—A or X4N+1 > g

We will give the proof in the case where x4y+; < aB — A. The proof in the other case is
similar and will be omitted. Then from

Xani1 < aB — A

it follows that

_ o+ X4n42 a~+ X4n+2 1
XaN+43 = =—>aB—A
A+ B)C4N+2 + X4N+1 A+ B)C4N+2 +aB— A B
and so
1
anas = @+ X4N+4 - O+ X4N+4 3.6)

A+ Bxynya +Xay13 A+ Buyat+aB—A B
We claim that for some k = 1,

XaN+akr1 = aB — A. (3.7)
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Otherwise for all k = 1,
X4ntak+1 < aB — A.
Then clearly for all k = 1,

Q + X4N 44542 a + X4Ntap42 _1
A+ Bxyniars2 + Xantarr1 A+ Bxayygko +aB—A B

XAN+4k+3 =

From (3.2) it follows that the subsequence {xsyt4r+1} decreases. By taking limits in (3.2) we
get a contradiction which proves (3.7). Assume without loss of generality that (3.7) holds for
k = 1. From this and (3.6) we see that

1
aB—A<x4N+5 <E

Then
B o+ Xant6 a + X416 1
XaN+7 = -
A+ BX4N+6 + X4N+5 A+ BX4N+6 +aB — A B
and
a—+x o+ X o
Xayig = AN+6 AN+6 oB — A

>
A+ B)C4N+6 +)C4N+5 A+ BX4N+6 + (I/B) A+ (l/B)

and the result follows by induction.
When (3.3) holds, and due to the fact that the solution {x,} eventually enters the interval
[aB — A, 1/B], we see that the function

o+ x,

S Xny Xn—1) :m

is eventually strictly increasing in x,, and strictly decreasing in x,,— . Furthermore for each m,
M € [1,(aB — A, 1/B)], in view of (3.3), the system

a+M a+m
= — a ——
A+BM+m A+Bm+M

has a unique solution (m, M) = (X, X). Hence, the result follows by Theorem 2.4 from Part 1.
When (3.4) holds, and due to the fact that the solution {x,} eventually enters the interval
[1/B, aB — A], we see that the function

o+ x,

f(xmxnil):A‘l‘BXn‘f‘xn—l

is strictly decreasing in x,, and eventually strictly decreasing in x,,—;. Furthermore, for each
mM € [1/B, aB — A], the system

a+m a+M
=—— and m=———""——"—
A+ B+ 1)m A+ B+ 1M

has a unique solution (m, M) = (X, X). Hence, the result follows by Theorem 2.4 from Part 1.
Finally, assume that (3.5) holds. Then clearly for all n = 0,

L_1, (/B =
B B A+Bx,+x,1

Xn+1
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from which it follows that each one of the four subsequences {x4,;},j € {0, 1,2, 3} is either
above 1/B, or below 1/B, or identically equal to 1/B. In view of (3.2) all four subsequences
converge monotonically to finite limits. In addition from (3.2) we see that for all n = 3,

1
Xp+1 = X,—3 ifandonlyif x, 3 = 7

Hence all four subsequences converge to 1/B. The proof is complete. g
The following theorem extends the result of Theorem 3.1 to the more general rational
equation

o+ X,—m,
A+ Mxn—m + an—l ’

Xpp1 = n=0,1,... (3.8)
with [, m € {0,1, ...}, with positive parameters «, A, M, L and with arbitrary nonnegative
initial conditions.

The proof, as in the case of Theorem 3.1, is based on the following identity:

(@A = APxp—-1 = ALxy_5y) + Xn-m(A + Lxy—-1)(1 = Mxu—21-1)
(A4 Mx,—,)(A + Mx,—j—p—1 + Lxy—21—1) + Lo+ Lx,—j— -1
xn*l*m*l(aM - (AM + L)xnfﬂfl) +xn7mxnflfm71M(l - Mxn*Zl*l)
A+ Mx,— A+ Mxy— -1 + Lxy—2—1) + Lo+ Lxy—j—pp—1
(3.9)

Xpyl = Xp—21—1 =

+

THEOREM 3.2.  Let {x,} be any solution of equation (3.8). Then the following statements are
true:

(i) When

(L — M)(1 — A)? A L
0<A<1 d ——F————— - =a<—+— 3.10
an 4M? S VR VE (3.10)
the solution {x,} eventually enters the interval [(aM — A)/L, 1/M] and the function
S Xn—m, Xn—1) is eventually strictly increasing in {x,—,,} and strictly decreasing in
{x,,—;}. Furthermore, the solution converges to the equilibrium.
(i1) When
A L
0<A<I1 d g — 3.11
and « i + e ( )
the solution {x,} eventually enters the interval [1/M, (oM — A)/L) and the function
SfXp—mXn—1) is eventually strictly decreasing in x,_,, and x,_;. Furthermore, the
solution converges to the equilibrium.
(iii) When
0<A<I1 d —A+L 3.12)
and o=+ .

the solution {x,} converges to the equilibrium.

Proof. The proof is similar to the proof of Theorem 3.1 and will be omitted. g
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4. Equation (#145)

This equation was investigated in Ref. [36]. Equation (#145) can be written in the normalized
form,

o+ Xp—1

— n=0,1, ... “4.1)
A+ Bx, + x,—1

Xn+1 =

with positive parameters «, A, B and with arbitrary nonnegative initial conditions x_, X.
Equation (4.1) has the unique equilibrium

1 —A+/(1—A?%+4a(1 + B)
2(1 + B) '

X =

The characteristic equation of the linearized equation about the equilibrium is

Bx x—1

A2 A =0
tara+e Tara+es

From this it follows that the positive equilibrium is locally asymptotically stable when

s>17A
2
which is equivalent to
A=1, 4.2)
or
A<1 and B=1, 4.3)
or

_ _ 2
- B~ Dd —4)

A<I1,B>1, and ) , (4.4)
and unstable (saddle point) when
B—1)(1—A)
A<I1,B>1, and a<$. 4.5)
By Theorems 2.8 and 2.10 from Part 1 it follows that when
A=1
the equilibrium of equation (4.1) is globally asymptotically stable.
By Theorem 3.2 it follows that when
B — 1)(1 — A
0<A<1 and aEu (4.6)

4

every solution of equation (4.1) converges to the equilibrium.
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When (4.5) holds, equation (4.1) has the unique prime period-two solution

1-A-/(U-A’—4a/B—1 1-A+/(1-A’—4a/B-1)

. ; . @)

which is locally asymptotically stable. See Ref. [36].

The following theorem establishes the global behaviour of solutions of equation (4.1)
when (4.5) holds.

THEOREM 4.1.  Assume that (4.5) holds. Then every solution of equation (4.1) converges to
a (not necessarily prime) period-two solution.

Proof. Let {x,} be a solution of equation (4.1). Due to the fact that

B — 1)(1 — A)?
—( X ) <B+A
4
it follows from (4.5) that
a<B+A

and from Theorem 3.2 (i) it follows that the function

a+ X,

F G, X0—1) = m

increases in x,,_; and decreases in x,,. By Theorem 2.5 it follows that the subsequences of the
even and odd terms are eventually monotonic and because the solution is bounded these
subsequences converge to finite limits. The proof is complete. |

OPEN PROBLEM 4.1. Assume that (4.5) holds.

(i) Determine the set of initial conditions x_1, Xy for which every solution of equation
(4.1) converges to the equilibrium X.

(i1) Determine the set of initial conditions x_1, Xy for which every solution of equation
(4.1) converges to (4.7).
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Appendix A. Table of the global character of the 49 special cases of Equation (1.1)

A bold faced B indicates that every solution of the equation in this special case is bounded
and a bold faced U indicates that the equation in this special case has unbounded solutions in
some range of its parameters and for some initial conditions. We also use the following
designations:

ESB stands for ‘every solution of the equation is bounded’.

3US stands for ‘there exist unbounded solutions’.

ESCx stands for ‘every solution of the equation converges to the equilibrium point of
the equation’.

ESC stands for ‘every solution of the equation converges to a finite limit’.

EBSCx stands for ‘every bounded solution of the equation converges to the
equilibrium x’.

3! P»-solution stands for ‘the equation has a unique prime period-two cycle’.

ESP, stands for ‘every solution of the equation is periodic with (not necessarily prime)
period &’.

ESCP, stands for ‘every solution of the equation converges to a (not necessarily prime)
period-k solution’.

‘Has P,-Tricho’ stands for ‘the equation has a period-k trichotomy’.
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#10

#11
#17
#18
#20
#23

#24
#26
#29

#30

#32

#41
#42
#43

#45
#46

#47
#53
#54

#55
#65

#66
#68
#71

#72
#74

#83

#34
#36

#101
#105
#109

#117
#118
#119

#141
#145

Xpp] = @

Xn+1 = a/xn

Xnyl = a/(c-xnfl)
X1 = (B/A)x,
Xn+1 = B

Xn+1 = rfijl >
Xn+1 = YXn—1

Xnyl = (xn*l /xn)

Xnyl =Y

Xnt1 = /(A + Bxy)
Xntl = C(/(A + anfl)
X1 =/ (Bxy + X,—1)

Xnt1l = an/(A + Bx,)

X1 = Bxn/(A+ Cx,—1)
Xnt1 = PBxn/(Bx, + Cx,—1)
Xnt1 = (x,-1)/(A + Bx,)

Xntl = (xnfl)/(A +)C,,7])

Xpg1 = (X—1)/(BXy + Xp—1)

Xntl = & + an
Xnyl = (a + -xn)/xn
Xnt+1 = (C( + xn)/(xnfl)

Xn+1 = a+ YXn—1
Xntl = (Ot + yxn—l)/xn

X1 = (@ + 2-1)/(Xn—1)
Xn+1 = ﬁxn + YXn—1
Xpt1 = B + (xn*l/-xn)

Xnt1 = (an +x,,,1)/(x,,,1)
Xny1 = (a + ﬁxn)/(A + an)

Xnt+1 = (C(+Xn)/(A +xnfl)
Xt = (a4 2,)/ (% + Cx—1)
Xn+1 = (a+ ’y—xnfl)/(A +xn)

Xnyl = (a+x,,,])/(A +X,,7])
Xntl = (a+xn*l)/(an +xn*l)

Xntl = (an + }'Xn—l)/(A + X,,)

(Bxy 4 X—1) /(A + x,-1)
(an + xrrl)/(BXn + xnfl)

Xn+1
Xn+1

Xnt1 = 1/(1 + Bxy + Cxp—1)
X1 = P /(A + X, + Cxy—1)
Xn+1 :x)l*|/(A+Bx}’l +xn*l)

Xpp1 = @+ ﬁxn + YXn—1
Xp1 = (a+ Bx, + 'yxn*l)/xn
Xnt1 = (a+ an + 'yxnfl)/xnfl

Xntl = (a +Xn)/(A + Bx, +xn71)
Xntl = (a+xn*l)/(A +an +xn*l)

c CcwWmRaRw=

-l Net ® W O a=Ew w=EREwE=

R caw cc

o ®"WEwW O wWERE o =W aaww

==

This equation is trivial

ESP,

ESP,

This is a linear equation

This equation is trivial

ESP¢

This is a linear equation. This is the only linear
equation with a P, — Tricho

Reducible to linear

This equation is part of a P, — Tricho; Theorem 5.1 in
Part 1

This equation is trivial

This is a Riccati equation; ESCx

This is a Riccati-type equation; ESCx

ESCx; ([36], p. 55) and [49]

This is a Riccati equation also known as the
Beverton—Holt equation; ESC

Pielou’s Equation; ESC; [14,32,36,40,42]

ESCx; ([36], p. 58)

Has P, — Tricho; [21,26,28—-31,36,53,54,55]; Theo-
rem 5.1 in Part 1

This is a Riccati-type equation; 3! P,-solution and it
is not LAS; ESCP,

ESCP;-solution; ([36], p. 60); 3! P,-solution when
B # 1 which is LAS when B > 1 and infinitely many
when B = 1

This is a linear equation

This is a Riccati equation; ESCx

Lyness’s Equation; No nontrivial solution has a
limit. [4-6,13,24,25,32,33,35], ([36], p. 70), [44—
47,50,51,56]

This equation is linear

This equation is part of a P, — Tricho. ([36], p. 72);
EBSCx; Theorem 5.2 in Part 1

This is a Riccati-type equation; ESCx

This is a linear equation

Has P, — Tricho; The very first period-two
trichotomy [3] and ([36], p. 70); Theorem 5.1 in Part 1
ESCx ([36], p. 70)

This is the Riccati Equation with Riccati number
R = (BA — aB)/(B+A)) = (1/4) ESCx; [9,23],
(1361, p. 17)

[32,33] and [36]; Conjecture: ESCx

([36], p. 82); Conjecture: ESCx

Has P, — Tricho; ([36, p. 89) and [20]; Theorem 5.1 in
Part 1

This is a Riccati-type equation; ESCx

ESCP,; 3! P>-solution when B > 1 + 4« and it is
LAS. [34] and ([36], p. 92)

Has P, — Tricho; ([36], p. 101) and [37]; Theorem 5.1
in Part 1

ESC; ([36], p. 109) and [38]

ESCP;; 3! P,-solution and it is LAS. ([36], p. 113),
[39,41] and [48]

ESCx; ([36], p. 71) and [49]

ESC

ESCP;-solution by Theorem 2.7 in Part 1. [12] and
(1361, p. 133)

This is a linear equation

Has P, — Tricho; ([36], p. 137); Theorem 5.1 in Part 1
([36], p. 137); Conjecture: ESCx Can be transformed
to #66 with @ > A which is still a conjecture in this
range of parameters

([36], p. 141); Conjecture: ESCx

3! P, solution and it is LAS; ESCP,. ([36], p. 149)
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#153

#165

#166
#168

#201

A. M. Amleh et al.

Xnt1 = (ﬁxn +X,171)/(A + an + xn*l)
Xnt+1 = (0( + an + ')’Xn—])/(A +xn)

(a+xn + 'yxnfl)/(A +xn*l)
(a+x, + yxu-1)/(Bx, + x4-1)

Xnt1
Xn+1

Xnt+1 = (0[ + an +)C,,7])/(A + Bx, +xn*l)

TR o =

3! P, solution and we conjecture that it is LAS.
Conjecture: ESCP; ([36], p. 158)

Has P, — Tricho; ([36], p. 167); Theorem 5.1 in Part 1.
EBSCx when y> B+ A

Conjecture: ESCx. ([36], p. 172)

3! P, solution and we conjecture that it is LAS.
ESCP;; ([36], p. 17)

3! P, solution if and only if 8+ A < 1 and 4o <
(I=-B—A)IB(1—-B—A)—(—38—A)] and we
conjecture that is LAS. Conjecture: X is GAS when
either B+A =1 or

da<(1—=B—AB1—-B—A) —(1-38-A)]
Conjecture: ESCP,
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